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BLOCKS FOR GENERAL LINEAR SUPERGROUP GL(m|n)
FRANTISˇEK MARKO AND ALEXANDR N. ZUBKOV
Abstract. We prove the linkage principle and describe blocks of the general
linear supergroups GL(m|n) over the ground field K of characteristic p 6= 2.
Introduction
One of the important problems in representation theory is to describe simple
objects with nontrivial extensions. For algebraic groups, a necessary condition for
the existence of nontrivial extensions of simple modules is given by the linkage
principle. It was conjectured by Verma in [20] that the highest weights µ of all
simple composition factors of the induced module with highest weight λ belong
to the orbit of λ under the dot action of the affine Weyl group. In special cases
this conjecture was proved by Jantzen in [11] and [12]. The Verma conjecture and
the linkage principle in general were proved by Andersen in [1]. Linkage principle
is essential for the description of blocks. The complete description of blocks for
semisimple algebraic groups was obtained by Donkin in [5]. More details about the
linkage principle and blocks of algebraic groups can be found in section II.6. of the
book [10].
The goal of our paper is to generalize the linkage principle and to describe
blocks of general linear supergroups G = GL(m|n) over perfect fields K of positive
characteristic p 6= 2.
The notions of even and odd linkages of weights of G were first introduced in
[14]. Two dominant weights λ and µ of G will be called even-linked if they belong
to the same block of the category of rational Gres = GL(m) × GL(n)-modules.
Further, λ and µ will be called simply-odd-linked if there is an odd positive root α
such that p|(λ+ ρ, α) and µ = λ±α, where ρ and the bilinear form (, ) are defined
in Section 3. The following main result of this article was stated as Conjecture 5.10
in [14].
Theorem 1. Dominant weights λ and µ of G belong to the same block of G if and
only if there is a chain of dominant weights λ = λ0, λ1, . . . , λt = µ such that for
each i the weights λi, λi+1 are either even-linked or simply-odd-linked.
Blocks of G, in the case when the characteristic of the ground field is zero, are
described as follows. First of all, the category of rational G-supermodules can be
identified with the category of integrable supermodules over its distribution super-
algebra Dist(G) (cf. [2], Corollary 3.5). Since, over a field of characteristic zero,
Dist(G) is isomorphic to the universal enveloping superalgebra of Lie superalgebra
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Lie(G) = gl(m|n) of G (cf. [24], Lemma 3.1), one can work in the category of
finite-dimensional Lie(G)-supermodules.
According to an unpublished work of Vera Serganova (see [18], Theorem 3.7) all
central blocks of classical Lie superalgebras are indecomposable. Therefore, all cen-
tral blocks of classical Lie superalgebras coincide with regular blocks defined using
extensions of simple modules. Proposition 3.1 from [18] completes a description
of blocks (see also [3], Theorem 2.27). This description can be derived also from
the description of multiplicities of irreducible supermodules in Kac’s supermodules,
which was given in [8]. A special case, when the degree of atypicality of a block
over special linear Lie superalgebra is 1, was considered by Jerome Germoni (see
[9]).
The article is organized as follows. In the first two sections we prove auxiliary
results that will be used later to superize some classical results. For example,
Proposition 2.10 and Proposition 2.12 superize Proposition I.8.20 of [10] under an
additional assumption that the finite supergroup G is infinitesimal. If G, as a
right H-superscheme, is split as G = W × H and G is infinitesimal, then using
Remark 2.11 we can prove a stronger statement that the G-supermodule structure
of coindGHM |H can be lifted to the GH
′-supermodule structure of coindGH
′
H′ M =
Dist(GH ′)⊗Dist(H′) M for any H
′-supermodule M .
In the third section we discuss positive and negative parts of the root system of
GL(m|n) with respect to different choices of Borel supersubgroups. In the fourth
section, we superize results from sections II.3 and II.9 of [10] to obtain statements
about representations of supersubgroups Gr, GrT and GrB
±
w of G. The most useful
results are Proposition 4.9 that superizes Lemma II.9.2 of [10], and Lemmas 4.10,
4.13, 4.14 that superize Lemmas 2, 3, 4 of [6].
The fifth section is devoted to representations of minimal parabolic supersub-
groups. The specific structure of induced supermodules over such supergroups was
used in [16] to prove a superanalog of Borel-Bott-Weil theorem over a field of char-
acteristic zero (see also [4, 17, 21]).
In the sixth section we use an analogous idea to modify the celebrated proof of
the strong linkage principle for GrT , given in [6], in a way that also involves odd
linkage. In the seventh section we describe all blocks over GL(m|n). The necessary
conditions of Theorem 1 can be derived from the strong linkage principle proved
in the previous section. The sufficient condition can be proved for even-linked and
for simply-odd-linked weights separately. The first case has been already proved in
[14]. We prove the second case using an interesting trick involving certain GL(m)×
GL(n)-module morphism φ1 on the first floor F1 of the induced supermoduleH
0(λ).
1. Algebraic supergroups and their representations
In this section we introduce algebraic supergroups, their basic properties and the
concept of blocks. Then we formulate suitable results about actions of supergroups
and their distribution algebras on various objects.
An algebraic supergroup G is a representable functor from the category of su-
percommutative superalgebras SAlgK to the category of groups Gr, i.e. for every
A ∈ SAlgK we have G(A) = HomSAlgK (K[G], A), whereK[G] is a finitely generated
coordinate superalgebra of G (cf. [25]).
Let G be an algebraic supergroup defined over a perfect field K of characteristic
p 6= 2. A Hopf superalgebra structure on K[G] is defined by the comultiplication
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∆K[G], the antipode sK[G] and the counit ǫK[G]. A closed supersubgroup H of
G is uniquely defined by a Hopf superideal IH such that an element g ∈ G(A)
belongs to H(A) if and only if g(IH) = 0 for A ∈ SAlgK . Therefore, K[H ] ≃
K[G]/IH . For example, the largest even supersubgroup Gev is defined by the
Hopf superideal K[G]K[G]1, where K[G]1 is the odd component of K[G], and its
coordinate superalgebraK[Gev] is K[G]/K[G]K[G]1. Since K[G]/K[G]K[G]1 is an
even Hopf superalgebra, it also represents an algebraic group, that is denoted by
Gres.
A group of characters of G, which will be denoted by X(G), consists of all
group-like elements of K[G].
Let G − SMod (and SMod − G, respectively) denote the category of all (not
necessarily finite-dimensional) rational left (right, respectively) supermodules over
G considered together with the ungraded homomorphisms between them. The
category G− SMod coincides with the category of right K[G]-supercomodules over
the Hopf superalgebra K[G], whose morphisms are K[G]-comodule morphisms.
If V ∈ G − SMod, then the corresponding (super)comodule map is denoted by
τV : V → V ⊗ K[G]. An analogous setup is valid for SMod − G (see [25] for
more details). Both categories G− SMod and SMod−G are not abelian but their
underlying even categories, consisting of the same objects and even morphisms, are.
Denote these abelian categories by G− Smod and Smod−G, respectively.
For a given G-supermodule V let ΠV denote the G-supermodule that coincides
with V as a K[G]-comodule but its superspace structure is defined by (ΠV )0 =
V1, (ΠV )1 = V0. The functor V → ΠV is a self-equivalence of categories G− SMod
and SMod−G and a self-equivalence of categories G−Smod and Smod−G as well.
In what follows we shall adhere to Sweedler’s notations, i.e. τV (v) =
∑
v1 ⊗ f2 for
v ∈ V .
Let K[G]r and ρr denote the left G-supermodule structure on K[G] induced by
the right multiplication, i.e. ρr = ∆K[G]. Symmetrically, let K[G]l and ρl denote
the left G-supermodule structure on K[G] induced by the left multiplication, i.e.
ρl(f) =
∑
(−1)|f1||f2|f2 ⊗ sK[G](f1), where ∆K[G](f) =
∑
f1 ⊗ f2, f ∈ K[G]. Then
sK[G] maps isomorphically K[G]r onto K[G]l.
Let X be a supergroup on which G acts by supergroup automorphisms on the
right (cf. [7], §6). This is equivalent to K[X ] being a right K[G]-supercomodule
such that its (super)comodule map τ[X] : K[X ] → K[X ] ⊗ K[G], given by f 7→∑
f(1)⊗ f(2), is a superalgebra morphism that satisfies the following two identities:
(1)
∑
(−1)|(f1)(2)||(f2)(1)|(f1)(1)⊗(f2)(1)⊗(f1)(2)(f2)(2) =
∑
(f(1))1⊗(f(1))2⊗f(2)
and ∑
ǫK[X](f(1))f(2) = ǫK[X](f).
Since this action preserves the unit element, one can define a G-supermodule
structure on the superspace Dist(X) (see [23], Lemma 5.5). Moreover, if we define
a pairing
(Dist(X)⊗A)× (K[X ]⊗A)→ A
by the rule
(φ ⊗ a)(f ⊗ b) = (−1)|a||f |φ(f)ab
for φ ∈ Dist(X), f ∈ K[X ] and a, b ∈ A, then
g · (φ⊗ a)(f ⊗ b) = (φ ⊗ a)(g−1(f ⊗ b))
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for g ∈ G(A).
Lemma 1.1. For every A ∈ SAlgK the group G(A) acts on Dist(X)⊗A by super-
algebra automorphisms.
Proof. One can define an A-supercoalgebra structure on K[X ]⊗A by
∆K[X]⊗A(f ⊗ b) =
∑
f1 ⊗ 1⊗ f2 ⊗ b and ǫK[X]⊗A(f ⊗ b) = ǫK[X](f)b.
Then, for arbitrary elements φ, ψ ∈ Dist(X) ⊗ A and f ∈ K[X ] ⊗ A there is the
following formula
φψ(f) =
∑
(−1)|ψ||f1|φ(f1)ψ(f2),
where as above, ∆K[X]⊗A(f) =
∑
f1 ⊗ f2. Using this formula and the identity (1)
for τK[X] one can prove the lemma by straightforward computations. 
Let Ad denote the left adjoint action of G on Dist(G), induced by the right
conjugation action of G on itself (cf. [23], Lemma 5.5).
Lemma 1.2. For every G-supermodule N we have
x(φn) = (Ad(x)φ)(xn),
where x ∈ G(A), φ ∈ Dist(G), n ∈ N and A ∈ SAlgK .
Proof. Using the following formulas
x(φn) =
∑
(−1)|φ|(|n1|+|f2|)n1 ⊗ x(f2)φ(f3)
and
Ad(x)φ(r) =
∑
(−1)|f1||f2|φ(f2)x(f1sG(f3)).
we derive
(Ad(x)φ)(xn) =
∑
(−1)|φ||n1|+|f2||f3|n1 ⊗ φ(f3)x(f2sR(f4)f5) = x(φn).

Let R and L be supersubgroups of G such that R normalizes L. By Lemma 1.1,
R acts on Dist(L) by superalgebra automorphisms via Ad|R.
Lemma 1.3. Let V be a R-supermodule and a L-supermodule, and these two struc-
tures be related in such a way that x(φv) = (Ad(x)φ)(xv), where x ∈ R(A), φ ∈
Dist(L), v ∈ V and A ∈ SAlgK . If L is connected, then for every y ∈ L(A) we have
x(yv) = (xyx−1)(xv), where xyx−1 is computed in G(A).
Proof. The structure of the R-supermodule on V (and the L-supermodule on V ,
respectively) is given by the supercomodule map v 7→
∑
v1⊗ v2 (and v 7→
∑
v(1)⊗
v(2), respectively). The first condition of the lemma is equivalent to the identity∑
(−1)|v(1)||φ|(v(1))1 ⊗ x((v(1))2)φ(v(2)) =
∑
(−1)|φ||(v1)(1)|+|(v1)(2)||(v1)(3)|(v1)(1) ⊗ φ((v1)(3))h((v1)(2))h
−1((v1)(4))h(v2),
valid for every element φ ∈ Dist(L). Denote by C the expression∑
(v(1))1 ⊗ x((v(1))2)⊗ v(2)
and by D the expression∑
(−1)|φ|(|(v1)(4)|+|v2|)(v1)(1) ⊗ h((v1)(2))h
−1((v1)(4))h(v2)⊗ (v1)(3).
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If L is connected, then ∩n≥1(K[L]
+)n = 0 (cf. [7]). Using (idV ⊗idA⊗φ)(v⊗a⊗f) =
(−1)|φ|(|a|+|f |)v ⊗ a⊗ φ(f) we derive
C −D ∈ ∩φ∈Dist(L) ker(idV ⊗ idA ⊗ φ) ⊆ V ⊗A⊗ ∩n≥1(K[L]
+)n = 0,
and therefore C = D. After we apply idV ⊗ idA ⊗ y, where y ∈ L(A), we obtain
the second identity. 
There is an equivalence of categories G − SMod ≃ SMod − G given by V 7→
V ◦, where V ◦ coincides with V as a superspace and the structure of a left K[G]-
supercomodule on V ◦ is defined by
τV ◦(v) =
∑
(−1)|v1||f2|sK[G](f2)⊗ v1,
provided τV (v) =
∑
v1 ⊗ f2 for v ∈ V . In other words, an element g ∈ G(A) for
A ∈ SAlgK acts on V
◦ by (1 ⊗ v)g =
∑
g−1(f2)⊗ v1 for v ∈ V .
As a special case, we have
ρ◦r(f) =
∑
(−1)|f1||f2|sK[G](f2)⊗ f1
for f ∈ K[G] and ρ◦l = ∆K[G]. As above, sK[G] maps isomorphically K[G]
◦
r onto
K[G]◦l .
Every right G-supermodule V is also a right Dist(G)-supermodule via vφ =∑
(−1)|φ||v1|φ(f2)v1, provided τV (v) =
∑
f2 ⊗ v1 for v ∈ V .
For every V ∈ SMod−G and A ∈ SAlgK one can define the pairing
(A⊗ V )× (A⊗ V ∗)→ A
by
(a⊗ v)(b ⊗ φ) 7→ (−1)|v||b|ab(v)φ,
where a, b ∈ A, v ∈ V and φ ∈ V ∗. Then
(v′)(φ′g) = (v′g−1)φ′,
for v′ ∈ A⊗ V, φ′ ∈ A⊗ V ∗ and g ∈ G(A).
If W is a right Dist(G)-supermodule, then A ⊗ W is a right A ⊗ Dist(G)-
supermodule via
(a⊗ w)(b ⊗ ψ) = (−1)|w||b|ab⊗ wψ.
Note that an analogous statement is valid if we replace Dist(G) by any associative
superalgebra. Then as above, we have
(v′)(φ′ψ′) = (−1)|φ
′||ψ′|(v′sDist(G)(ψ
′))φ′,
where ψ′ ∈ A⊗Dist(G) and sDist(G)(b ⊗ ψ) = b⊗ sDist(G)(ψ). The left-hand-side
counterparts of these statements have been proved in [23].
Remark 1.4. If V is a finite-dimensional left/right G-supermodule, then the nat-
ural isomophism V → (V ∗)∗ is given by v 7→ v, where v(φ) = (−1)|v|φ(v), v ∈ V
and φ ∈ V ∗.
Let V be a G-supermodule and L be an irreducible G-supermodule. Denote by
[V : L] the sum of multiplicities of L and ΠL in the composition series of V .
Two irreducible G-supermodules L and L′ are linked if and only if there is a
chain of irreducible G-supermodules L = L0, L1, . . . , Lt = L
′ such that for each
0 ≤ i ≤ t − 1 either Ext1G(Li, Li+1) 6= 0 or Ext
1
G(Li+1, Li) 6= 0. A block B of G
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consists of all irreducible G-supermodules that are linked. For all G-supermodules
V and W and every i ≥ 0 and a, b ∈ Z2 there is an isomorphism (cf. [25])
ExtiG(Π
aV,ΠbW ) ≃ Πa+bExtiG(V,W ).
Therefore every block is invariant under the parity shift functor.
We say that a supermodule M belongs to the block B if all composition factors
of M belong to B. Using this definition, we will show that if G-supermodules
M and N belong to different blocks, then HomG(M,N) = 0. If we assume
that HomG(M,N) 6= 0, then either HomG−Smod(M,N) = HomG(M,N)0 6= 0
or HomG−Smod(ΠM,N) = ΠHomG(M,N)1 6= 0 showing that M and N belong to
the same block. The analogous statement is clearly valid for right G-supermodules.
Standard arguments (cf. [10], II.7.1) show that every G-supermodule N can be
decomposed as N = ⊕NB, where the summation is over all blocks B and each
NB is the largest G-supersubmodule of N that belongs to B. Since there are
no morphisms or higher extensions between supermodules belonging to different
blocks, the category G− SMod is a direct sum of its full subcategories G− SModB
for different blocks B. For example, if two irreducible supermodules L and L′ are
composition factors of an indecomposable supermodule V , then they belong to the
same block.
2. Finite supergroups
A partial case of the MacKay imprimitivity theorem from [21] states the follow-
ing. Let G′ be an algebraic supergroup, G be a normal supersubgroup of G′, H ′
be a supersubgroup of G′ and H = G ∩ H ′. Then (indGH
′
H′ M)|G ≃ ind
G
HM |H as
G-supermodules. Using this isomorphism, we can lift G-supermodule structure on
indGHM |H to a GH
′-supermodule structure.
In this section, for infinitesimal supergroup G, we lift the G-supermodule struc-
ture on coindGHM |H to a GH
′-supermodule structure in such a way that
(coindGH
′
H′ M)|G ≃ coind
G
HM |H
as G-supermodules. Also, we prove results about duals of induced and coinduced
supermodules which will be utilized later.
Let H be an infinitesimal supergroup. It has been shown in [23] that the su-
persubspace
∫
r,Dist(H) of Dist(H) = K[H ]
∗, consisting of all right integrals on
Dist(H), is one-dimensional. It follows from Lemma 5.5 of [23] that if H is a normal
supersubgroup of an algebraic supergroup R, then
∫
r,Dist(H)
is a R-supersubmodule
of Dist(R) with respect to the adjoint action of R on Dist(R). Therefore, R acts
on
∫
r,Dist(H)
via a character χr ∈ X(R). Analogously, R acts on the superspace of
left integrals
∫
l,Dist(H)
via a character χl.
Remark 2.1. If H is infinitesimal, then χr = χ
−1
l and the parities of
∫
l,Dist(H)
and
∫
r,Dist(H) are the same. Since Ad(h)(sDist(H)(µ)) = sDist(H)(Ad(h
−1)µ) for
every µ ∈ Dist(G), this follows from Remark 2.4 of [23].
Lemma 2.2. If H is infinitesimal, then the right H-supermodule (K[H ]◦r)
∗ is iso-
morphic to ΠaK[H ]◦r ⊗ χl = Π
aK[H ]◦r ⊗ χ
−1
r , where a is the parity of
∫
l,Dist(H)
.
Analogously, (K[H ]◦l )
∗ ≃ ΠaK[H ]◦l ⊗ χr = Π
aK[H ]◦l ⊗ χ
−1
l .
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Proof. Denote by Int the left action of R on K[R], induced by the right con-
jugation action of R on itself. By Remark 2.4 of [23], there is an isomorphism
Π|ν|K[H ] → K[H ]∗ = Dist(H) of left H-supermodules, given by f 7→ νf , where
ν ∈
∫
l,Dist(H)
\0. Recall that ν ∈ (K[H ]∗l )
H and (νf)(f ′) = ν(ff ′). For the sake
of simplicity, for h ∈ H and f ∈ K[H ], denote ρl(h)f and fρ
◦
r(h) by hf and fh,
respectively. Then
((νf)h)(f ′) = ν(f(f ′h−1)) = ν(Int(h)(Int(h−1)(f)h−1f ′)) =
(Ad(h−1)ν)(Int(h−1)(f)h−1f ′) = ν(Int(h−1)(f)h−1f ′))χ−1l (h) =
ν(h−1((fh)f ′))χ−1l (h) = (hν)((fh)f
′)χ−1l (h) = ν(fh)(f
′)χ−1l (h),
which proves (K[H ]◦r)
∗ ≃ ΠaK[H ]◦r ⊗ χl. The proof of the second statement is
analogous. 
Remark 2.3. Let G′ be an algebraic supergroup, G be its normal supersubgroup,
H ′ be a supersubgroup of G′ and H = H ′ ∩ G. According to Theorem 10.1 of
[21], for every H ′-supermodule M there is a superspace isomorphism indGH
′
H′ M →
indGHM |H that naturally induces a GH
′-supermodule structure on indGHM |H such
that its restriction to G induces an isomorphism (indGH
′
H′ M)|G → ind
G
HM |H of G-
supermodules. More precisely, one can interpret the G-supermodule indGHM |H as
a G-subfunctor of Mor(G,Ma) (cf. [21], §8), consisting of all affine superscheme
morphisms f : G→ Na such that f(gh) = h
−1f(g) for g ∈ G, h ∈ H. A G-action on
Mor(G,Na) is given by gf(g
′) = f(g−1g′). Then the above H ′-action on indGHM |H
is defined by (h′ ∗ f)(g) = h′f(h′−1gh′).
Lemma 2.4. Let G′ be an algebraic supergroup, G be its normal supersubgroup,
and H ′ be a supersubgroup of G′. Then Dist(GH ′) = Dist(G)Dist(H ′).
Proof. It has been observed in §7 of [24] that GH ′ is an epimorphic image of the
supergroup G⋉H ′. By the proof of Proposition 9.1 of [24], there is a superalgebra
epimorphism Dist(G ⋉ H ′) → Dist(GH ′). Since Dist(G ⋉ H ′) = Dist(G) ⊗
Dist(H ′), the statement follows from results in §4 of [21]. 
From now on until the end of this section, we assume that G is an infinitesimal
supergroup.
By Lemma 1.3 from [22], G−SMod can be naturally identified with the category
of left Dist(G)-supermodules Dist(G)SMod. For example, Dist(G)-supermodule
coindGHM = Dist(G)⊗Dist(H) M has a unique structure of a G-supermodule such
that its induced Dist(G)-supermodule structure coincides with the original one.
Moreover, for every M,N ∈ G − SMod (or SMod − G, respectively) we have
HomG(M,N) = HomDist(G)(M,N).
Remark 2.5. Let A be an associative (not necessary supercommutative) superalge-
bra. For all (left) A-supermodules M and N the superspace HomA(M,N) is gener-
ated by all linear homogeneous maps φ :M → N such that φ(am) = (−1)|a||φ|aφ(m)
for a ∈ A and m ∈ M . We would like to take an opportunity to clarify Lemma
4.4 from [22] and replace the incorrect statement Dist(H)SMod ≃Dist(H)⋊Z2 Mod with
Dist(H)Smod ≃Dist(H)⋊Z2 Mod.
The leftDist(G)-supermodule (K[G]l)
∗ is isomorphic toDist(G) as a leftDist(G)-
supermodule and the rightDist(G)-supermodule (K[G]◦r)
∗ is isomorphic toDist(G)
as a right Dist(G)-supermodule. Since Theorem 0.1 of [26] and Theorem 5.2(4) of
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[24] imply that both K[G]l and K[G]
◦
r are injective H-supermodules, Dist(G) is a
projective left and right Dist(H)-supermodule.
Let A and B be (not necessarily finite-dimensional) associative superalgebras.
Lemma 2.6. For arbitrary left B-supermoduleM and right projective B-supermodule
M ′ there is a natural superspace isomorphism
M ′ ⊗B M ≃ HomBSMod(HomSModB (M
′, B),M).
If M ′ is also a left A-supermodule, that is M ′ is an A×B-superbimodule, then the
above map is an isomorphism of A-supermodules.
Proof. The required isomorphism sendsm′⊗m to the map φ 7→ (−1)|φ||m|((m′)φ)m
for φ ∈ HomSModB (M
′, B) (cf. I.8.16(5), [10]). This assignment is obviously a
superspace morphism. Since it commutes with direct sums, to show that it is an
isomorphism, all we need is to check the case M ′ = B, which is clear.
IfM ′ is anA×B-superbimodule, thenHomSModB (M
′, B) is aB×A-superbimodule
via
(m′)(bφa) = (−1)|b||m
′|+|a|(|φ|+|m′|)b((am′)φ)
for a ∈ A, b ∈ B. The right A-supermodule structure on HomSModB (M
′, B) in-
duces a natural left A-supermodule structure onHom
BSMod(HomSModB (M
′, B),M),
which is obviously compatible with the A-supermodule structure onM ′⊗BM given
by our isomorphism. 
Corollary 2.7. If we set M ′ = Dist(G), then we obtain an isomorphism of G-
supermodules
coindGHM ≃ HomH−SMod(HomSMod−H(Dist(G), Dist(H)),M).
For the remainder of this section assume that G′ be an algebraic supergroup, G
be its normal supersubgroup, H ′ be a supersubgroup of G′ and H = H ′ ∩ G. Let
G′ act on
∫
l,Dist(G) via the character α
′ and denote α = α′|G. Also, let H
′ act on∫
r,Dist(H) via a characer χ
′ and denote χ = χ′|H . Further, denote by a the parity
of
∫
l,Dist(H)
and by b the parity of
∫
l,Dist(G)
.
The following proposition superizes Proposition I.8.17 of [10].
Proposition 2.8. For every H-supermodule M there is an isomorphism
coindGHM ≃ ind
G
H(Π
a+bM ⊗ α|Hχ
−1).
Proof. The superspace V = HomSMod−H(Dist(G), Dist(H)) is isomorphic to (K[G]
◦
r⊗
Dist(H))H , where an element f ⊗ φ ∈ K[G]⊗Dist(H) acts on Dist(G) as
ψ(f ⊗ φ) = (−1)|f |ψ(f)φ
for ψ ∈ Dist(G). Moreover, HomK(Dist(G), Dist(H)) and K[G]
◦
l ⊗ Dist(H)triv
are isomorphic as rightG-supermodules. Symmetrically,HomK(Dist(G), Dist(H))
andK[G]triv⊗(K[H ]l)
∗ ≃ K[G]triv⊗K[H ]l are isomorphic as leftH-supermodules.
Lemma 2.2 implies that Dist(H) ≃ ΠaK[H ]◦r ⊗ χ
−1 as right H-supermodules.
Therefore V is isomorphic to
H
H ind(Π
aK[G]◦r ⊗ χ
−1) ≃ Πa(K[G]◦r ⊗
H
H ind(χ
−1)) = ΠaK[G]◦r ⊗ χ
−1,
where HH ind is a right-hand-side counterpart of the functor ind
H
H . This isomorphism
is defined as
f ⊗ χ−1 7→
∑
f1 ⊗ χ
−1 ⊗ sK[G](f2)χ
−1,
BLOCKS FOR GENERAL LINEAR SUPERGROUP GL(m|n) 9
where sK[G](f2) is the image of sK[G](f2) in K[H ]. In particular, V is isomorphic to
ΠaK[G]◦l as a right G-supermodule, and to Π
aK[G]r ⊗ χ as a left H-supermodule.
Consequently, coindGHM is isomorphic to
((Πa(K[G]r ⊗ χ)
∗ ⊗M)H ≃ Πa(K[G]∗r ⊗ χ
−1 ⊗M)H .
On the other hand, coindGHM as aG-supermodule is isomorphic to (K[G]
◦
l )
∗⊗Mtriv,
where G acts on (K[G]◦l )
∗ via anti-automorphism g 7→ g−1 for g ∈ G. This together
with our Lemma 2.2 and Corollary 2.3 of [23] concludes the argument. 
Lemma 2.9. If M is a finite-dimensional H-supermodule, then indGH(M
∗) is nat-
urally isomorphic to (coindGHM)
∗.
Proof. Modify the proof of Lemma I.8.15 of [10] using Proposition 2.1 of [25]. 
Proposition 2.10. If M is a H ′-supermodule, then the Dist(GH ′)-supermodule
structure on Dist(GH ′)⊗Dist(H′)M can be lifted to the structure of a GH
′-supermodule.
Proof. There is a structure of a H ′-supermodule on Dist(GH ′)⊗M given by
x(φ ⊗m) = Ad(x)φ ⊗ xm
for x ∈ H ′(A) and A ∈ SAlgK . Because
x(φψ ⊗m− φ⊗ ψm) = Ad(x)φAd(x)ψ ⊗ xm−Ad(x)φ ⊗ x(ψm) =
Ad(x)φAd(x)ψ ⊗ xm−Ad(x)φ ⊗ (Ad(x)ψ)(xm),
this provides a structure of an H ′-supermodule on V = Dist(GH ′)⊗Dist(H′)M .
We have already observed that a structure of a Dist(G)-supermodule lifts to
a structure of a G-supermodule. Therefore, V is a G-supermodule via lifting of
its left Dist(G)-supermodule structure. Lemma 1.1 implies x(φv) = Ad(x)(φ)xv
for φ ∈ Dist(G) and v ∈ V . Using this and Lemma 1.3 we infer that V is a
G⋉H ′-supermodule.
Accoding to Lemma 11.1 of [22] and Lemma 5.5 of [23], Dist(H ′) acts on V by
the following rule
φ(ψ ⊗m) =
∑
(−1)|φ2||ψ|ad(φ1)ψ ⊗ φ2m,
where ∆Dist(H′)(φ) =
∑
φ1 ⊗ φ2, φ ∈ Dist(H
′). Thus
φ(ψ ⊗m) =
∑
(−1)|ψ|(|φ2|+|φ3|)φ1ψsDist(H′)(φ2)φ3 ⊗m = φψ ⊗m.
Finally, GH ′ is naturally isomorphic to (G ⋉ H ′)/H , where H is embedded into
G⋉H ′ via the map x 7→ (x, x−1) for x ∈ H . Consequently, Dist(H) is embedded
into Dist(G ⋉ H ′) ≃ Dist(G) ⊗Dist(H ′) via the map φ 7→
∑
φ1 ⊗ sDist(H)(φ2).
Using the above observations and Lemma 9.5 of [24], we see that H ≤ G⋉H ′ acts
on V trivially and our claim follows. 
There is a natural Dist(G)-supermodule epimorpism
τ : coindGHM |H = Dist(G)⊗Dist(H) M |H → Dist(GH
′)⊗Dist(H′) M.
If τ is an isomorphism, then the G-supermodule structure on coindGHM |H can be
extended to a structure of a GH ′-supermodule. In this case, following [10], we
denote this GH ′-supermodule coindGHM |H by coind
GH′
H′ M .
Untill the end of this section we assume the supermodule M is such that the
G-supermodule structure on coindGHM |H can be lifted to the GH
′-supermodule
structure as above.
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Remark 2.11. There is a simple sufficient condition for the natural epimorphism
τ to be an isomorphism. Assume that G contains a closed supersubscheme (not
necessary supersubgroup) W such that W ∩ H = 1 and the multiplication map
W×H → G is an isomorphism of superschemes. Then τ is an isomorphism because
GH ′ ≃W ×H ′ and both Dist(G) and Dist(GH ′) are free right supermodules over
Dist(H) and Dist(H ′), respectively. More precisely, Dist(G) ≃ Dist(W,m1) ⊗
Dist(H) and Dist(GH ′) ≃ Dist(W,m1)⊗Dist(H
′).
Proposition 2.12. Assume M satisfies the above assumption. Then
coindGH
′
H′ M ≃ ind
GH′
H′ Π
a+bM ⊗ α′|H′χ
′−1.
Additionally, if M is finite-dimensional, then
(indGH
′
H′ M)
∗ ≃ indGH
′
H′ Π
a+bM∗ ⊗ α′|H′χ
′.
Proof. For V ∈ H ′ − SMod, the action of H ′ on coindGHV |H is given by the rule
x(φ ⊗m) = Ad(x)φ ⊗ xm
for x ∈ H ′(A), φ ∈ Dist(G) and m ∈ V . We need to check that this action
commutes with the isomorphism
coindGHV |H ≃ ind
G
HΠ
a+bV ⊗ α|Hχ
−1 ≃ indGH
′
H′ Π
a+bV ⊗ α′|H′χ
′−1.
We can use the isomorphism from Corollary 2.7 to extend the action of H ′ on
coindGHM to H
′-action on HomH−SMod(HomSMod−H(Dist(G), Dist(H)),M) by
(xψ)(π) = x(ψ(πx)), (φ)(πx) = Ad(x−1)((Ad(x)φ)(π)),
where
ψ ∈ HomH−SMod(HomSMod−H(Dist(G), Dist(H)),M),
π ∈ HomSMod−H(Dist(G), Dist(H)), and φ ∈ Dist(G).
Therefore H ′ acts on HomK(Dist(G), Dist(H)) ≃ K[G]⊗Dist(H) as (f ⊗ µ)x =
Int(x−1)f ⊗ Ad(x−1)µ for f ∈ K[G] and µ ∈ Dist(H). This action obviously
commutes with the rightH-action and preserves theH×G-superbimodule structure
of HomK(Dist(G), Dist(H)). Thus
HomSMod−H(Dist(G), Dist(H)) ≃ Π
aK[G]⊗ χ−1,
where H ′ acts on K[G] by fx = Int(x−1)f . Arguing as in Proposition 2.8 we infer
that the H ′-action on
coindGHM ≃ (K[G]r ⊗M ⊗ α|Hχ
−1)H
is induced by Int on K[G], and on the remaining tensor factors it is induced by the
action on M ⊗ α′|H′χ
′−1. Remark 2.3 concludes the proof of the first statement of
the Lemma.
If M is a finite-dimensional H ′-supermodule, then a generalization of Lemma
2.9 gives a natural isomorphism
coindGH
′
H′ M
∗ ≃ (indGH
′
H′ M)
∗,
showing that the second statement follows from the first one. 
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3. Borel supersubgroups and root systems
Let G = GL(m|n). The coordinate superalgebra K[G] is generated by the
matrix coefficients cij for 1 ≤ i, j ≤ m+ n such that its parity |cij | = 0 if and only
if 1 ≤ i, j ≤ m or m + 1 ≤ i, j ≤ m + n, and by the element D−1, where D =
det(C00) det(C11), C00 = (cij)1≤i,j≤m and C11 = (cij)m+1≤i,j≤m+n. Recall that
∆K[G](cij) =
∑
1≤k≤m+n cik⊗ckj and ǫK[G](cij) = δij . Denote the supersubalgebra
of K[G] generated by all elements cij by A(m|n). Then K[G] = A(m|n)D.
Let Ber denote the group-like element det(C00−C01C
−1
11 C10) det(C11)
−1, where
C01 = (cij)1≤i≤m,m+1≤j≤m+n and C10 = (cij)m+1≤i≤m+n,1≤j≤m. The element
Ber is a character of GL(m|n) which is called Berezinian. If H is an algebraic
supergroup and V is a H-supermodule, then any supermodule structure on V is
uniquely defined by a supergroup morphism f : H → GL(V ) = GL(m|n) where
m = dimV0, n = dimV1. The character Ber ◦ f of H will be denoted by Ber(f).
We fix the standard maximal torus T such that T (A) consists of all diagonal
matrices from G(A) for A ∈ SAlgK and identify X(T ) with the additive group
Zm+n. In particular, every λ ∈ X(T ) has the form
∑
1≤i≤m+n λiǫi, where
ǫi(t) = ti, t =


t1 0 . . . 0
0 t2 . . . 0
...
... . . . 0
0 0 . . . tn

 ∈ T (A),
A ∈ SAlgK and every λi is an integer. For a character λ ∈ X(T ) as above we denote∑
1≤i≤m+n λi by |λ|.
The bilinear form on X(T )⊗ZQ is defined by (ǫi, ǫj) = (−1)
|ǫi|δij , where |ǫi| = 0
if 1 ≤ i ≤ m and |ǫi| = 1 if m + 1 ≤ i ≤ m+ n. If we denote ǫ
′
i = (−1)
|ǫi|ǫi, then
(ǫi, ǫ
′
j) = δij .
The root system of G is defined as Φ = {ǫi − ǫj|1 ≤ i 6= j ≤ m + n}. Let Sk
denote the symmetric group on the elements {1, . . . , k}. For a given w ∈ Sm+n we
have the decomposition Φ = Φ+w
⋃
Φ−w , where Φ
+
w = {ǫwi − ǫwj |1 ≤ i < j ≤ m+ n}
is the w-positive part of Φ and Φ−w = −Φ
+
w = {ǫwi − ǫwj|1 ≤ i > j ≤ m+ n} is the
w-negative part of Φ.
The simple roots of Φ+w form a subset
Πw = {αi = ǫwi − ǫw(i+1)|1 ≤ i < m+ n}.
The set Φ+w defines a partial order <w on the weight lattice X(T ) by µ <w λ if
λ− µ ∈
∑
α∈Φ+w
N+α =
∑
α∈Πw
N+α.
Denote the parity |ǫi|+ |ǫj| = |cij | of the root α = ǫi − ǫj by p(α). The coroot
α∨ = (ǫi − ǫj)
∨ equals ǫ′i − ǫ
′
j . For any α ∈ Φ one can define a reflection sα such
that sα(λ) = λ− (λ, α
∨)α. It is easy to see that if α = ǫi− ǫj , then sα corresponds
to the transposition of the i-th and j-th entries and therefore sα will be identified
with (ij) of Sm+n. If p(α) = 0 we call sα an even reflection, otherwise it is called
an odd reflection. All reflections generate the group Sm+n and the even reflections
generate the Weyl subgroup Sm × Sn ⊆ Sm+n.
Denote by Dm,n the set of representatives of Sm×Sn/Sm+n-cosets that have the
minimal length. According to [2] or [10], II.1.5(4), Dm,n consists of all w ∈ Sm+n
such that
w−1(1) < . . . < w−1(m) and w−1(m+ 1) < . . . < w−1(m+ n).
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Then every w ∈ Sm+n has a unique decomposition w = w0w1, where w0 ∈ Sm×Sn
and w1 ∈ Dm,n. We call this the regular decomposition of w.
Let ρ0(w) denote
1
2
∑
α∈Φ+w,p(α)=0
α, ρ1(w) denote
1
2
∑
α∈Φ+w ,p(α)=1
α and ρ de-
note ρ0(w)−ρ1(w). The elements ρ0(1), ρ1(1) and ρ(1), respectively will be denoted
just by ρ0, ρ1 and ρ, respectively.
The Borel supersubgroup B+w corresponding to Φ
+
w is the stabilizer of the full
flag
V1 ⊆ V2 ⊆ . . . ⊆ Vi ⊆ . . . ⊆ Vm+n = V,
where Vi =
∑
1≤s≤iKvws for 1 ≤ i ≤ m + n. Symmetrically, the opposite Borel
supersubgroup B−w corresponding to Φ
−
w is the stabilizer of the full flag
W1 ⊆W2 ⊆ . . . ⊆Wi ⊆ . . . ⊆Wm+n = V,
where Wi =
∑
m+n−i+1≤s≤m+nKvws for 1 ≤ i ≤ m+ n.
The unipotent radicals of B+w and B
−
w , respectively are denoted by U
+
w and U
−
w ,
respectively. We denote by Gr the r-th Frobenius kernel of G. The r-th Frobenius
kernels of the Borel subsupergroups and their unipotent radicals are denoted by
B+r,w, U
+
r,w and B
−
r,w, U
−
r,w, respectively.
From now on, we will omit w = 1 from all of the subscripts; for example, we will
write B+ and < instead of B+1 and <1. Denote by V
+ (and V −, respectively) the
supersubgroup of U+ (and U−, respectively) consisting of all matrices defined by
equations cij = δij for 1 ≤ i, j ≤ m and m+ 1 ≤ i, j ≤ m+ n.
4. Representations of GrB
±
w and GrT
In this section we discuss representation theory of Frobenius thickenings of cer-
tain supersubgroups of G. We derive results for compositions factors and formal
characters of induced and coinduced supermodules.
Fix a positive integer r. For arbitrary λ ∈ X(T ) and a ∈ Z2 we define
Z ′r,w(λ
a) = indGr
B
−
r,w
Kaλ, Zr,w(λ
a) = coindGr
B
+
r,w
Kaλ = Dist(Gr)⊗Dist(B+r,w) K
a
λ,
Z ′r,w(λ
a) = indGrT
B
−
r,wT
Kaλ, Zr,w(λ
a) = coindGrT
B
+
r,wT
Kaλ = Dist(GrT )⊗Dist(B+r,wT ) K
a
λ,
Zˆ ′r,w(λ
a) = ind
GrB
−
w
B
−
w
Kaλ, Zˆr,w(λ
a) = coind
GrB
+
w
B
+
w
Kaλ = Dist(GrB
+
w )⊗Dist(B+w ) K
a
λ.
Lemma 4.1. There are superscheme isomorphisms
U+r,w ×B
−
w ≃ GrB
−
w , U
−
r,w ×B
+
w ≃ GrB
+
w ,
U+r,w ×B
−
r,wT ≃ GrT, U
−
r,w ×B
+
r,wT ≃ GrT
and
U+r,w ×B
−
r,w ≃ Gr, U
−
r,w ×B
+
r,w ≃ Gr
induced by the multiplication map.
Proof. By Remark 2.11 it is enough to show that the last pair of morphisms are
isomorphisms. Using arguments of Remark 5.10 of [23] and the proof of Lemma
3.1 of [24] we establish that for any supergroup from the list {U±r,w, B
±
r,w, Gr} its
superalgebra of distributions has a basis
∏
|fi|=0
f
(ti)
i
∏
|fi|=1
f sii , where elements fi
form a basis of its Lie superalgebra and their exponents satisfy 0 ≤ ti ≤ p
r − 1 and
0 ≤ si ≤ 1. The superalgebra multiplication induces a superspace isomorphism
Dist(U±r,w)⊗Dist(B
∓
r,w)→ Dist(Gr),
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and the corresponding morphism K[Gr] → K[U
±
r,w] ⊗ K[B
∓
r,w] is also an isomor-
phism. Since it is dual to the multiplication map U±r,w × B
∓
r,w → Gr, the last map
is an isomorphism (compare with Lemma 14.2 from [21]). 
Lemma 4.2. For every λ ∈ X(T ) and a ∈ Z2, the socle of Zˆ
′
r,w(λ
a) and the top of
Zˆr,w(λ
a) are irreducible supermodules in GrB
−
w -SMod or GrB
+
w -SMod, correspond-
ingly.
Analogous statements hold for GrT -supermodules Z
′
r,w(λ
a),Zr,w(λ
a) and for Gr-
supermodules Z ′r,w(λ
a), Zr,w(λ
a). Moreover, in these cases the socle of the first
supermodule and top of the second supermodule are isomorphic to each other.
Proof. Combining our Lemma 4.1 with Lemma 8.2 and Remark 8.3 of [21], we infer
that Zˆ ′r,w(λ
a)|B+r,wT ≃ K
a
λ ⊗ K[U
+
r,w], where U
+
r,w acts trivially on K
a
λ and T acts
on K[U+r,w] by conjugations. Thus Zˆ
′
r,w(λ
a)U
+
r,w ≃ Kaλ as a T -supermodule, hence
the socle of Zˆ ′r,w(λ
a) is simple. Symmetrically, Zˆr,w(λ
a) ≃ Dist(U−r,w) ⊗ K
a
λ as
a B−r,wT -supermodule, where U
−
r,w acts trivially on K
a
λ and T acts on Dist(U
−
r,w)
by conjugations. Thus Zˆr,w(λ
a)U−r,w = Zˆr,w(λ
a)/Dist(U−r,w)
+Zˆr,w(λ
a) ≃ Kaλ. Ac-
cording to [22], §4 the functor M →MU−r,w is right exact, and therefore the top of
Zˆr,w(λ
a) is simple.
Analogous arguments work for the induced/coinduced GrT -supermodules and
induced/coinduced Gr-supermodules as well. Let L
′ denote the socle of Z ′(λa) and
let L denote the top of Zr,w(λ
a). Then L′U
+
r,w ≃ Kaλ as a T -supermodule. The
(co)Frobenius reciprocity law implies
HomGrT (Zr,w(λ
a), L′) ≃ HomB+r,wT (K
a
λ, L
′) ≃ K,
hence L ≃ L′. Similar arguments work in the case of Gr-supermodules. 
Denote by Lˆ′r,w(λ
a) the socle of Zˆ ′r,w(λ
a) and by Lˆr,w(λ
a) the top of Zˆr,w(λ
a).
Similarly, denote by Lr,w(λ
a) the socle of Z ′r,w(λ
a) (or the top of Zr,w(λ
a)) and by
Lr,w(λ
a) the socle of Z ′r,w(λ
a) (or the top of Zr,w(λ
a)).
Remark 4.3. Let M be a supermodule from the list
{Zˆ ′r,w(λ
a), Zˆr,w(λ
a),Z ′r,w(λ
a),Zr,w(λ
a), Z ′r,w(λ
a), Zr,w(λ
a)}.
The proof of Lemma 4.2 shows that if Mµ 6= 0, then µ ≤w λ. The same statement
is valid for the simple supermodules Lˆ′r,w(λ
a), Lˆr,w(λ
a),Lr,w(λ
a), Lr,w(λ
a) that are
composition factors of such supermodules M .
Let H be an algebraic supergroup and M be an H-supermodule. We call M
cogenerated by an element m ∈M if the socle of M is irreducible and generated by
m. Without loss of generality one can always assume that m is homogeneous.
If H is connected, then by Lemma 9.4 of [24] and Proposition 3.4 of [7], for any
m ∈M a supersubmodule generated by m coincides with Dist(H)m.
Lemma 4.4. Let GrB
−
w -supermodule M be cogenerated by a B
+
r,wT -primitive ele-
ment u of weight λ such that M satisfies the condition Mµ 6= 0 implies µ ≤w λ.
Then it can be embedded into Zˆ ′r,w(λ
|u|).
Symmetrically, if GrB
+
w -supermodule N is generated by a B
−
r,wT -primitive ele-
ment v of weight λ, then it is an epimorphic image of Zˆr,w(λ
|v|).
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Proof. The proof can be modified from Lemma 9.1 of [22]. 
As a result of Lemma 4.4, we will say that Zˆ ′r,w(λ
a) is a couniversal object in
GrB
−
w -SMod and Zˆr,w(λ
a) is a universal object in GrB
+
w -SMod. The same ar-
guments as in Lemma 4.4 show that Z ′r,w(λ
a) and Zr,w(λ
a) are couniversal and
universal objects in GrT -SMod, respectively and Z
′
r,w(λ
a) and Zr,w(λ
a) are couni-
versal and universal objects in Gr-SMod.
Lemma 4.5. Every irreducible GrB
−
w -supermodule is isomorphic to a unique su-
permodule Lˆ′r,w(λ
a), and every irreducible GrB
+
w -supermodule is isomorphic to a
unique supermodule Lˆr,w(λ
a). Additionally, every irreducible GrT -supermodule is
isomorphic to a unique supermodule Lr,w(λ
a), and every irreducible Gr-supermodule
is isomorphic to a unique supermodule Lr,w(λ
a).
Proof. Let L be an irreducible GrB
−
w -supermodule. Then L is (co)generated by
arbitrary element v ∈ LU
+
r,w \ 0, and therefore L = Dist(GrB
−
w )v = Dist(B
−
w )v. If
v has a weight λ, then Lµ 6= 0 implies µ ≤w λ. Using Lemma 4.4 we conclude that
L ≃ Lˆ′r,w(λ
|v|). The proof of the remaining cases is similar. 
According to [22], §7, the category G-SMod has a self-duality M → M<t> in-
duced by the supertransposition.
Lemma 4.6. The functor M → M<t> induces an equivalence GrB
−
w -SMod ≃
GrB
+
w -SMod and self-dualities of the categories GrT -SMod and Gr-SMod such that
Zˆ ′r,w(λ
a)<t> ≃ Zˆr,w(λ
a), Z ′r,w(λ
a)<t> ≃ Zr,w(λ
a), Z ′r,w(λ
a)<t> ≃ Zr,w(λ
a).
As a consequence, there are natural isomorphisms
Lˆ′r,w(λ
a)<t> ≃ Lˆr,w(λ
a), Lr,w(λ
a)<t> ≃ Lr,w(λ
a), Lr,w(λ
a)<t> ≃ Lr,w(λ
a).
Proof. All statements follow by (co)universality of the corresponding supermodules
and by Lemma 5.4 of [25]. 
Combining our Lemmas 4.1 and 4.6 with Theorem 10.1 of [21] we obtain
Zˆ ′r,w(λ
a)|GrT ≃ Z
′
r,w(λ
a), Zˆr,w(λ
a)|GrT ≃ Zr,w(λ
a),
Zˆ ′r,w(λ
a)|Gr ≃ Z
′
r,w(λ
a), Zˆr,w(λ
a)|Gr ≃ Zr,w(λ
a).
Moreover, modifying the proof of Lemma 9.2 of [22] one can show that
socGr Zˆ
′
r,w(λ
a) = socGrT Zˆ
′
r,w(λ) = socGrB−w Zˆ
′
r,w(λ
a)
and
radGr Zˆr,w(λ
a) = radGrT Zˆr,w(λ
a) = radGrB+w Zˆr,w(λ
a).
For s ∈ {r, l} denote by χ−r,s(w) and χ
+
r,s(w), respectively the characters corre-
sponding to the actions of the supergroup B−w on
∫
s,Dist(B−r,w)
and of the supergroup
B+w on
∫
s,Dist(B+r,w)
, respectively.
The following lemma generalizes Proposition II.3.4 of [10].
Lemma 4.7. The character χ−r,r(w) equals −2((p
r − 1)ρ0(w) + ρ1(w)) and the
character χ+r,r(w) equals 2((p
r − 1)ρ0(w) + ρ1(w)).
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Proof. For every t ∈ T we have
Ber(Ad(t)|Lie(B−w )) = 2(−ρ0(w) + ρ1(w))(t), det((Ad(t)|Lie(B−w ))11) = −2ρ1(w)(t)
and
Ber(Ad(t)|Lie(B+w )) = 2(ρ0(w) − ρ1(w))(t), det((Ad(t)|Lie(B+w ))11) = 2ρ1(w)(t).
The application of Proposition 5.11 of [23], which is also valid for left integrals,
concludes the proof. 
Remark 4.8. By Proposition 5.1 of [23] both superspaces
∫
s,Dist(B−r,w)
and
∫
s,Dist(B+r,w)
have the same parity mn (mod 2). Denote this parity by |mn|.
The following proposition superizes Lemma II.9.2 of [10].
Proposition 4.9. For every λ ∈ X(T ) there are the isomorphisms
Zˆr,w(λ) ≃ ind
GrB
+
w
B
+
w
K
|mn|
λ−2((pr−1)ρ0(w)+ρ1(w))
≃ Π|mn|(Zˆr,w(2((p
r − 1)ρ0(w) + ρ1(w)) − λ)
∗
and
Zˆ ′r,w(λ) ≃ coind
GrB
−
w
B−w
K
|mn|
λ−2((pr−1)ρ0(w)+ρ1(w))
≃ Π|mn|(Zˆ ′r,w(2((p
r − 1)ρ0(w) + ρ1(w)) − λ)
∗.
Also, ch(Zˆr,w(λ)) = ch(Zˆ
′
r,w(λ)) = e
λ
∏
α∈Φ+w ,p(α)=0
1−e−p
rα
1−e−α
∏
α∈Φ+w ,p(α)=1
(1+e−α),
Zˆr,w(λ+p
rµ) ≃ Zˆr,w(λ)⊗p
rµ and Zˆ ′r,w(λ+p
rµ) ≃ Zˆ ′r,w(λ)⊗p
rµ for all µ ∈ X(T ).
Proof. To prove the first isomorphism, combine our Proposition 2.12 and our Re-
mark 4.8 with Proposition 5.11 and Lemma 6.1 of [23]. Then Lemma 4.6 implies
the second isomorphism. The statement about characters follows from our Lemma
4.1 and Lemma 8.2 and Remark 8.3 from [21]. Finally, the last isomorphisms are
trivial consequence of the tensor identity (cf. [10], Lemma II.9.2(4, 5)). 
Let w = w0w1 be the regular decomposition of w. Then [21], §7 implies ρ0(w) =
ρ(w0) = w0ρ0 and ρ1(w) = w0ρ1(w1).
Lemma 4.10. For every w ∈ Sm+n, the formal characters of supermodules Zˆr(λ)
and Zˆr,w(λ+ (p
r − 1)(ρ0(w)− ρ0) + (ρ1(w) − ρ1)) coincide.
Proof. For a ∈ Z2 denote by (Φ
+
w)a the set {α ∈ Φ
+
w | p(α) = a}. Since
Φa = Φ
+
a ⊔ −Φ
+
a = (Φ
+
w)a ⊔ −(Φ
+
w)a
for each a ∈ Z2, we can use Proposition 4.9 to modify the proof from [10], II.9.3. 
Remark 4.11. Lemma 4.10 remains valid for the supermodules of types Zˆ ′,Z,Z ′, Z
and Z ′ as well.
Remark 4.12. For every λ ∈ X(T ), the term eλ is the largest monomial of the
formal character ch(Lr,w(λ)) with respect to the partial order ≤w. In particular, all
such characters are linearly independent. Therefore if ch(M) =
∑
aλch(Lr,w(λ)),
then the non-negative integers aλ are uniquely defined by a GrT -supermoduleMand
they coincide with multiplicities [M : Lr,w(λ)].
Denote by λ < w > the weight λ+ (pr − 1)(ρ0(w)− ρ0) + (ρ1(w) − ρ1).
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Lemma 4.13. Let (A,H) be one of the pairs (Z, GrT ), (Z
′, GrT ), (Z,Gr) or (Z
′, Gr).
Then for every w,w′ ∈ Sm+n there is an isomorphism
HomH(Ar,w(λ < w >), Ar,w′(λ < w
′ >)) ≃ K.
Proof. Since ch(Ar,w(λ < w >)) = ch(Ar,w′(λ < w
′ >)), one can modify the proof
of Lemma 3 of [6] using Remark 5.3 of [25], applied to an arbitrary B±w . 
Let w˜ denote the longest element in Sm+n.
Lemma 4.14. There is an isomorphism Z ′r,w˜(λ < w˜ >) ≃ Zr(λ
|mn|). Conse-
quently, Lr(λ) is isomorphic (up to a parity shift) to the top of the supermodule
Z ′r,w˜(λ < w˜ >).
Proof. Since B−r,w˜ = B
+
r , ρ0(w˜) = −ρ0 and ρ1(w˜) = −ρ1, it implies
Z ′r,w˜(λ < w˜ >) = ind
GrT
B
+
r T
Kλ−2((pr−1)ρ0+ρ1).
We finish the proof by applying the first isomorphism from Proposition 4.9, re-
stricted on GrT . 
5. Minimal parabolic supersubgroups and adjacent Borel
supersubgroups
For every subset S ⊆ Πw one can define a parabolic supersubgroup Pw(S) in the
following way. If S = {αi1 , . . . , αir}, then Pw(S) is equal to the stabilizer of the
flag
Wj1 ⊆Wj2 ⊆ . . . ⊆Wjm+n−r−1 ,
where j1 < . . . < jm+n−r−1 is a listing of elements of the set {1, . . . ,m + n− 1} \
{m+n− i1, . . . ,m+n− ir}. For example, if S = {αi}, then Pw(αi) is the stabalizer
of the flag
W1 ⊆ . . . ⊆Wm+n−i−1 ⊆Wm+n−i+1 ⊆ . . . ⊆Wm+n.
Denote by Si the supersubspace Kvwi + Kvw(i+1) and set Hi,w = StabG(Si) ∩
(∩j 6=i,i+1StabG(Kvwj)). It is clear that Hi,w ≃ GL(2)×T
′ whenever αi is even; and
if αi is odd then Hi,w ≃ GL(1|1)× T
′, where T ′(A) = {t ∈ T (A)|t|Si⊗1 = idSi⊗1}
for every A ∈ SAlgK .
Let UPw(αi) be the largest supersubgroup of U
−
w whose elements act trivially
on Wm+n−i+1/Wm+n−i−1. It follows from Lemma 11.1 of [21] that Pw(αi) =
UPw(αi)⋊Hi,w. Moreover, for every positive integer r, the supersubgroup Pr,w(αi)T
can be decomposed as UPr,w(αi)⋊ (Hi,w)rT .
Remark 5.1. It αi is odd, then (Hi,w)rT = Hi,wT .
Two Borel supergroups B−w and B
−
w′ are adjacent via αi ∈ Πw if Φ
+
w′ = Φ
+
w \
{αi}
⋃
{−αi}. If αi is odd, then B
−
w and B
−
w′ are called odd adjacent; if αi is even,
they are called even adjacent. It is clear that UPw(αi) ≤ B
−
w and B
−
w′ ≤ Pw(α).
Moreover,
B−w = UPw(αi)⋊ (B
− × T ′) and B−w′ = UPw(αi)⋊ (B
+ × T ′),
where B− and B+ are the corresponding Borel supersubgroups of GL(1|1) or of
GL(2), depending on the parity of αi (cf. [21], §11). Analogously, we have
B−r,w = UPr,w(αi)⋊ (B
−
r × T
′
r), B
−
r,w′ = UPr,w(αi)⋊ (B
+
r × T
′
r),
B−r,wT = UPr,w(αi)⋊ (B
−
r T ) and B
−
r,w′ = UPr,w(αi)⋊ (B
+
r T ).
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To simplify our notations we will omit the subindices w,w′ and i. For example,
B−w and B
−
w′ are denoted just by B and B
′ correspondingly, Pw(αi) by P (α) etc.
Let L
(r)
P (α)(λ
a) denote the socle of ind
P (α)rT
BrT
Kaλ for λ ∈ X(T ) and a ∈ Z2. Since
P (α)rT ≃ U
+
r × BrT , where U
+
r is the unipotent radical of B
+
r , the arguments
analogous to those in the proof of Lemma 4.2 show that L
(r)
P (α)(λ
a) is irreducible.
Proposition 5.2. The following statements are valid.
(1) UP (α)r acts trivially on ind
P (α)rT
BrT
Kaλ.
(2) If α is odd, then ind
P (α)rT
BrT
Kaλ = L
(r)
P (α)(λ
a) if and only if p 6 |(λ, α). More-
over, in this case there is a unique (up to a scalar multiple) isomorphism
gα : ind
P (α)rT
B′rT
Ka+1λ−α → ind
P (α)rT
BrT
Kaλ.
(3) If α is odd and p|(λ, α), then ind
P (α)rT
BrT
Kaλ has a composition series
L
(r)
P (α)((λ − α)
a+1)
|
L
(r)
P (α)(λ
a)
and ind
P (α)rT
B′rT
Kaλ has a composition series
L
(r)
P (α)((λ+ α)
a+1)
|
L
(r)
P (α)(λ
a)
.
In addition, there is a unique (up to a scalar multiple) non-zero homomor-
phism
gα : ind
P (α)rT
B′rT
Ka+1λ−α → ind
P (α)rT
BrT
Kaλ
such that its kernel and cokernel are both isomorphic to L
(r)
P (α)((λ−α)
a+1).
(4) If α is even, then there is an unique (up to a scalar multiple) homomorphism
gα : ind
P (α)rT
B′rT
Kaλ−(pr−1)α → ind
P (α)rT
BrT
Kaλ
such that the image of gα is L
(r)
P (α)(λ
a).
(5) If α is even and L
(r)
P (α)(µ
b) is a composition factor of ind
P (α)rT
BrT
Kaλ, where
b denotes the parity of the highest weight vector, then µ is (α, r)-linked to
λ in the sense of [6]. Here the linkage is with respect to Bev = (Bw0)ev and
the corresponding ρ0(w) = ρ0(w0) is the half sum of positive roots of Bev.
Proof. To prove the first three statements one can use our Remark 5.1 to mod-
ify the proofs of Proposition 11.5 and Proposition 12.2(1) of [21]. To prove the
last two statements we use Lemma 10.4 and Corollary 10.2 of [21] to show that
ind
P (α)rT
BrT
Kaλ ≃ ind
HrT
BrT
Kaλ|B, where T = T ∩B. Then we refer to Lemma 1 and to
the proof of Proposition 1 (see the penultimate paragraph on page 138) of [6]. 
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6. Strong linkage principle for GrT
As an intermediate step towards proving the linkage principle for G, we establish
a corresponding result for the Frobenius thickening GrT .
Let us start with the observation that Remark 4.12 combined with Lemma 4.10
implies that, for every w ∈ Sm+n, Lr(µ) is a composition factor of Z
′
r(λ) if and
only if it is a composition factor of Z ′r,w(λ < w >).
Fix an ordering α1, . . . , αmn of all odd roots from Φ
+ such that αi < αj implies
i < j. According to [2], §4, the longest element w˜1 of Dm,n can be written as
sαmnsαmn−1 . . . sα1 . Analogously, we fix an ordering of the even roots β1, . . . , βN ,
where N = m(m−1)2 +
n(n−1)
2 , from Φ
+. Then w˜0 can be written as sβN . . . sβ1 .
Set y0 = 1, yi = sαi . . . sα1 for 1 ≤ i ≤ mn, and yj = sβj−mn . . . sβ1ymn for
mn < j ≤ mn +N . Then, for every 1 ≤ i ≤ m, B−yi is odd adjacent to B
−
yi−1
via
αi; and for every mn < j ≤ mn+N , B
−
yj
is even adjacent to B−yj−1 via βj−mn.
Lemma 6.1. For 1 ≤ i ≤ mn + N there is a unique (up to a scalar multiple)
homomorphism fi : Z
′
r,yi
(λ < yi >) → Z
′
r,yi−1
(λ < yi−1 >) constructed as follows.
Let P denote Pr,yi−1(αi) or Pr,yi−1(βi−mn), respectively provided i ≤ mn or mn < i,
respectively. Then fi is given as follows.
(1) If 1 ≤ i ≤ mn and p 6 |(λ+ ρ, αi), then fi = ind
GrT
PrT
gαi is an (even or odd)
isomorphism.
(2) If 1 ≤ i ≤ mn and p|(λ + ρ, αi), then fi = ind
GrT
PrT
gαi is an (even or odd)
homomorphism such that its kernel and cokernel are isomorphic (up to a
parity shift) to indGrTPrT L
(r)
P ((λ− αi) < yi−1 >).
(3) If i > mn, then fi = ind
GrT
PrT
gβi−mn .
Proof. First observe that λ < yi >= λ < yi−1 > −αi = (λ − αi) < yi−1 > for
1 ≤ i ≤ mn and λ < yi >= λ < yi−1 > −(p
r − 1)βi−mn for mn+ 1 ≤ i ≤ mn+N .
Assume i ≤ mn. Since αi belongs to Πyi−1 , Proposition 1.28 of [3] implies
(λ < yi−1 >,αi) ≡ (λ + ρ− ρ(yi−1), αi) = (λ + ρ, αi) (mod p).
Therefore p|(λ < yi−1 >,αi) if and only if p|(λ+ ρ, αi).
Combine Theorem 10.1 of [21] and Theorem 0.1 of [26] to obtain thatGrT/PrT ≃
Gr/Pr are affine superschemes. Therefore, the functor ind
GrT
PrT
is faithfully exact
by Theorem 5.2 of [24], and all statements follow by Proposition 5.2. 
The next proposition inspired by the work of Doty describes a single step of the
strong linkage for GrT .
Proposition 6.2. Assume that Lr(µ) (or ΠLr(µ)) is a composition factor of Z
′
r(λ).
If µ 6= λ, then either there is λ′ < λ such that Lr(µ) is a composition factor of
Z ′r(λ
′) and λ′ is (α, r)-linked to λ, where α ∈ Φ+ and p(α) = 0, or Lr(µ) is a
composition factor of Z ′r(λ− α), where α ∈ Φ
+, p(α) = 1 and p|(λ+ ρ, α).
Proof. By Lemma 4.14, Lr(µ) is a composition factor of Z
′
r,w˜(λ < w˜ >). Set
f = fmn+N ·fmn+N−1 · . . . ·f1. If f 6= 0, then by Lemma 4.14 the image of f equals
Lr(λ), the socle of Zr(λ). Since µ 6= λ, there is a positive integer i such that Lr(µ)
is a composition factor of ker fi.
If i ≤ mn, then by Lemma 6.1(2), p divides (λ+ρ, αi) and Lr(µ) is a composition
factor of
indGrTPrT L
(r)
P ((λ− αi) < yi−1 >) ⊆ Z
′
r,yi−1
((λ − αi) < yi−1 >),
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where P = Pyi−1(αi). Therefore Remarks 4.11 and 4.12 imply that Lr(µ) is a
composition factor of Z ′r(λ− αi).
If i > mn, then we can use Proposition 5.2(4, 5) and Lemma 6.1(3) to modify
the proof of Proposition 1 from [6]. 
The strong linkage principle for GrT now follows easily.
Theorem 6.3. If Lr(µ) (or ΠLr(µ)) is a composition factor of Z
′
r(λ) and µ 6= λ,
then there is a sequence λ = λ0, λ1, . . . , λt = µ such that for each 1 ≤ i ≤ t either
λi = λi−1 −αi, where αi ∈ Φ
+, p(αi) = 1 and p|(λi−1 + ρ, αi), or λi < λi−1 and λi
is (αi, r)-linked with λi−1, where αi ∈ Φ
+ and p(αi) = 0.
Proof. By Proposition 6.2, there is λ1 such that λ1 < λ and Lr(µ) is a composition
factor of Z ′r(λ1). Then either λ is (α, r)-linked with λ1 for an even positive root α,
or λ1 = λ−α for an odd positive root α such that p|(λ+ρ, α). Repeating the same
arguments for λ1 we will find λ2 etc. Since µ ≤ . . . < λ2 < λ1 < λ and the interval
{π | µ ≤ π ≤ λ} is finite, the theorem follows. 
Remark 6.4. The statement of Theorem 6.3 remains true if we replace Z ′r(λ) by
Zr(λ).
7. Blocks over GL(m|n)
Recall from [25] that every irreducible G-supermodule L is uniquely defined by
its highest weight λ and by the parity a of a primitive vector v of weight λ; that is
L = L(λa), where a ∈ Z2. We have already observed that
Ext1G(L(λ
a), L(µb)) ≃ Πa+bExt1G(L(λ), L(µ)),
where Π is a parity shift functor, which implies that blocks of simpleG-supermodules
correspond uniquely to equivalence classes of dominant weightsX(T )+, that we will
also call blocks. Therefore, instead of working with blocks of simple supermodules
one can work with blocks of dominant weights. The block containing a dominant
weight λ will be denoted by B(λ).
We start with a simple technical result.
Lemma 7.1. If r ≤ r′, then the GrT -supermodule Zr(λ) is naturally embedded
into Zr′(λ)|GrT . Moreover, a superspace lim
→
Zr(λ) has a natural structure of the
Dist(G)-supermodule such that
lim
→
Zr(λ) ≃M(λ) = Dist(G)⊗Dist(B+) Kλ.
Proof. Apply the arguments from the proof of Lemma 4.1. 
Let Xr(T )
+ denote the set
{λ ∈ X(T ) | 0 ≤ λi − λi+1 ≤ p
r − 1 for 1 ≤ i ≤ m+ n, i 6= m}.
It is clear that Xr(T )
+ ⊆ X(T )+ and for every dominant weight λ ∈ X(T )+ there
is a positive integer r such that λ ∈ Xr′(T )
+ for all r′ ≥ r. Moreover, [23], §7 and
[19], §4 imply that L(λ)|Gr = Lr(λ) and L(λ)|GrT = Lr(λ).
The following proposition captures the essence of the linkage for G.
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Proposition 7.2. If L(µ) (or ΠL(µ)) is a composition factor of the Weyl super-
module V (λ), then there is a positive integer r and a sequence λ = λ0, λ1, . . . , λt = µ
such that for each 1 ≤ i ≤ t either λi = λi−1 − αi, where αi ∈ Φ
+, p(αi) = 1 and
p|(λi−1+ ρ, αi), or λi < λi−1 and λi is (αi, r)-linked with λi−1, where αi ∈ Φ
+ and
p(αi) = 0.
Proof. By Lemma 4.1 (iii) of [2], V (λ) =M(λ)/N for an appropriate supermodule
N . Using Lemma 7.1, there is a sufficiently large positive integer r such that
λ, µ ∈ Xr(T )
+ and V (λ) ≃ Zr(λ)/(Zr(λ) ∩ N). The claim then follows using
Remark 6.4. 
Remark 7.3. Weights λi from Proposition 7.2 are not necessarily dominant.
The blocks in the category of Gres = GL(m)×GL(n)-modules can be described
as follows.
Let λ be a (not necessarily dominant) weight. Define the defect of λ as a pair
d(λ) = (d+(λ) | d−(λ)), where
d+(λ) = max{d ≥ 0 | (λ+ ρ0, (ǫi − ǫj)
∨) ≡ 0 (mod pd) for 1 ≤ i < j ≤ m},
d−(λ) = max{d ≥ 0 | (λ+ ρ0, (ǫi− ǫj)
∨) ≡ 0 (mod pd) for m+1 ≤ i < j ≤ m+n}.
Denote by Bev(λ) that block in the category of Gres = GL(m)×GL(n)-modules
which contains λ ∈ X(T )+. Denote
pd(λ)+(1|1)ZΦ =
∑
1≤i6=j≤m
pd+(λ)+1Z(ǫi − ǫj) +
∑
m+1≤i6=j≤m+n
pd−(λ)+1Z(ǫi − ǫj)
and the dot action W = Sm×Sn on X(T ) as w.µ = w(µ+ρ0)−ρ0. It follows from
[10], II.7.2(3) that Bev(λ) = (W.λ+ p
d(λ)+(1|1)ZΦ) ∩X(T )+.
We call dominant weights λ and µ even-linked if Bev(λ) = Bev(µ). From the
above description it follows that the defects of even-linked weights coincide.
Next, we will derive a few simple results to rectify the deficiency in Proposition
7.2 and show that we can replace weights λi by dominant weights.
Let λ be a (not necessarily dominant) weight. A companion of λ is any dominant
weight µ such that d(µ) = d(λ) and
W.λ+ pd(λ)+(1|1)ZΦ =W.µ+ pd(λ)+(1|1)ZΦ.
If λ is dominant, then λ and µ are obviously even-linked.
Lemma 7.4. Any weight λ has a companion.
Proof. Set ωi =
∑
1≤k≤i ǫk for 1 ≤ i ≤ m and ωj =
∑
m+1≤k≤j ǫk for m+ 1 ≤ j ≤
m+ n. Then
λ =
∑
1≤i<m
(λi − λi+1)ωi + λmωm +
∑
m+1≤j<m+n
(λj − λj+1)ωj + λm+nωm+n.
If λ is not dominant, then there is i < m or j < m+ n such that λi − λi+1 < 0 or
λj−λj+1 < 0. Let A be the maximal number of all absolute values of such negative
differences. Choose a positive integer t such that t > d±(λ) and p
t > A and denote∑
1≤i<m ωi by π+ and
∑
m+1≤j<m+n ωj by π−.
Then the required companion of λ is
µ = λ+ ptπ+ + p
tπ− − p
t|π+|ǫm − p
t|π−|ǫm+n.

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Corollary 7.5. Any companion of µ from W.λ+ pd(λ)+(1|1)ZΦ is even-linked with
any companion of λ. In particular, d(µ) = d(λ).
Proof. Construct a companion µ′ of µ as in Lemma 7.4 such that t is bigger than
d±(λ). Then µ
′ ∈ W.λ + pd(λ)+(1|1)ZΦ = W.λ′ + pd(λ)+(1|1)ZΦ, where λ′ is a
companion of λ. 
Following [6], for a given weight λ and a positive even root α we define a lower
pe-reflection Rα,e as sα,ape , where (λ+ρ0, α
∨) = ape+s and 0 ≤ s < pe. Since sα,m
acts on X(T ) by the rule sα,m(µ) = sα.µ+mα,m ∈ Z, we obtain Rα,e(λ) = λ−sα.
Lemma 7.6. A companion of Rα,e(λ) is even-linked with a companion of λ.
Proof. Assume first that α = ǫi − ǫj, where 1 ≤ i < j ≤ m.
If λ = Rα,e(λ), then the statement is trivial. Otherwise, s > 0 and since
(λ + ρ0, α
∨) ≡ 0 (mod pd+(λ)), we also have e > d+(λ). Thus Rα,e(λ) ∈ W.λ +
pd(λ)+(1|1)ZΦ and Corollary 7.5 concludes the proof.
The case α = ǫi − ǫj, where m+ 1 ≤ i < j ≤ m+ n is analogous. 
The weights λ and µ are called simply-odd-linked if there is a positive odd root
α such that µ = λ± α and p|(λ+ ρ, α). If α = ǫi − ǫj , then
(λ+ ρ, α) = λi + λj + 2m+ 1− i− j
and λ and λ− α are simply-odd-linked provided
λi + λj + 2m+ 1− i− j ≡ 0 (mod p).
Lemma 7.7. Assume that λ and µ are simply-odd-linked. Then there is a com-
panion λ′ of λ such that p|(λ′ + ρ, α) and λ′ − α is a companion of µ.
Proof. Using the same trick as in Lemma 7.4 one can find an element π ∈ pt|tZΦ
such that λ′ = λ + π is a companion of λ and µ + π = λ′ − α is a companion of
µ. 
Now we are ready to prove the linkage principle for GL(m|n).
Proposition 7.8. If dominant weights λ and µ are linked, then there is a chain of
dominant weights λ = λ0, λ1, . . . , λs = µ such that for each 1 ≤ i ≤ s− 1 either λi
and λi+1 are even-linked or λi and λi+1 are simply-odd-linked.
Proof. By our Proposition 7.2 and Definition 1 from [6], there is a chain λ =
λ0, λ1, . . . , λs = µ such that either λi and λi+1 are simply-odd-linked or one of
these two weights is obtained from the other one by the action of the reflection
Rα,e. Using Lemma 7.6 and Lemma 7.7 we can replace all members of the above
chain by their companions and the claim follows. 
Let ≈ denote an equivalence on X(T )+ such that λ ≈ µ if and only if λ and
µ can be connected by a chain from Proposition 7.8. Proposition 7.8 implies that
each block B(λ) is contained in the equivalence class ≈ (λ) of λ.
Lemma 5.3 of [14] states that if dominant weights λ and µ are even-linked, then
they belong to the same block of G. Therefore to prove that the equivalence class
of ≈ (λ) is contained in the block B(λ), we only need to show that if λ and µ are
odd-linked, then they belong to the same block. The rest of the paper is devoted
to proving this statement.
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If the weights λ and µ are simply-odd-linked, the either λ = µ − α belongs to
H0(µ) or µ = λ − α belongs to H0(λ). We will assume the latter since the former
case is analogous.
The Gev-structure of the induced supermodule H
0(λ) has been studied in [14].
The main tool there was the identification of H0(λ) with H0ev⊗Λ(Y ) for a suitable
supermodule Y (see §1.2 of [14]). The Gev-module H
0(λ) is a direct sum of floors
Fk = H
0
ev ⊗ Λ
k(Y ) for k = 0, . . . ,mn. There is a Gev-morphism φ1 : F1 → F1 (see
§3.5 of [14]) such that its image is spanned by (w)ijD for 1 ≤ i ≤ m < j ≤ m+ n,
where w ∈ H0ev(λ) and ijD are odd superderivation corresponding to elements of
Dist(V +).
Lemma 7.9. The image φ1(F1) of the map φ1 is 〈F0〉G ∩ F1.
Proof. Since the image φ1(F1) is the span of all elements (w)ijD, where w ∈ F0
and 1 ≤ i ≤ m < j ≤ m+ n, it is clear that φ1(F1) ⊂ 〈F0〉G ∩ F1.
For the opposite inclusion, use the Poincare-Birkhoff-Witt theorem and order
the elements of the distribution algebraDist(G) by listing elements from Dist(V +)
first, followed by elements of Dist(Gev) and finally by elements of Dist(V
−). Ev-
ery superderivation from Dist(V +) annihilates each element from F0 and every
superderivation from Dist(Gev) sends elements from F0 to itself. If we apply one
superderivation from Dist(V −) to an element of F0, the image lies in φ1(F1). If
we apply more than one superderivation from Dist(V −) to an element of F0, the
image lies in the higher floors Fk for k > 1. Therefore the opposite inclusion
〈F0〉G ∩ F1 ⊂ φ1(F1) is also valid. 
Lemma 7.10. Assume that the simple module Lev(µ) is a composition factor of
the module F1/Imφ1. Then the simple supermodule L(µ) is a composition factor
of 〈F0, F1〉G ⊂ H
0(λ).
Proof. If Lev(µ) is a composition factor of the module F1/Imφ1, then there is a
filtration
Q0 = Imφ1 ⊂ Q1 ( Q2 ⊂ Q3 = F1
such that Q2/Q1 ∼= Lev(µ).
If we denote by Ri the supermodule 〈F0, Qi〉G for i = 0, . . . 3, then using Lemma
7.9 we obtain the corresponding filtration of supermodules
R0 = 〈F0〉G ⊂ R1 ⊂ R2 ⊂ R3 = 〈F0, F1〉G.
Use the Poincare-Birkhoff-Witt theorem and order elements of Dist(G) in such
a way that we elements from Dist(Gev) come first, followed by elements from
Dist(V +) and finally by elements from Dist(V −). We will show that Ri ∩F1 = Qi
for each . If we apply any superderivation from Dist(Gev) to an element from Qi,
the image stays in Qi since Qi is an Gev-module. Application of a superderivation
from Dist(V +) to an element of Qi ⊂ F1 gives an element in F0. Finally, it follows
from the definition of the map φ1 that when we apply a superderivation from
Dist(V −) to an element from F0 we end up in Imφ1 = Q0 ( Qi. The image of a
compositions of superderivations from Dist(V −) to an element from Qi will lie in
higher floors of Fk for k > 1. Therefore Ri ∩ F1 = Qi.
Consequently,
R0 = 〈F0〉G ⊂ R1 ( R2 ⊂ 〈F0, F1〉G.
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Since the superfactormodule R2/R1 is generated by the highest vector of weight µ
and (R2/R1) ∩ F1 ∼= Lev(µ), we infer that R2/R1 contains the supermodule L(µ)
as a composition factor and the claim follows. 
If α = ǫi − ǫj is an odd root, then λ − α is dominant implies that λi > λi+1
provided 1 ≤ i < m and λi > 0 if i = m, and λj > λj+1 providedm+1 ≤ j < m+n.
Lemma 3.1 of [14] implies that the Gev-module F1 has a good filtration, in
which factors are the modules H0ev(λ−β), where β is a positive odd root, and each
dominant weight λ−β appears with single multiplicity. Therefore all Gev-primitive
vectors in F1 are scalar multiples of primitive elements vβ of weight λ − β, where
vβ for β = ǫk − ǫl was denoted by πkl in [14].
The last piece of the puzzle is revealed in the following theorem.
Theorem 7.11. Assume weights λ, µ are dominant, µ = λ − α, where α is a
positive odd root and λ is simply-odd-linked to µ. Then L(µ) is a composition
factor of H0(λ).
Proof. Since µ is dominant, according to [14], there is a Gev-primitive element
vα ∈ H
0(λ) of weight µ which belongs to F1.
Denote the kernel of φ1 by K1, its image by I1 and its cokernel by C1. Denote
by [M ] the element of the Grotendieck group corresponding to the Gev-module M .
Since [F1] = [K1] + [I1], and [F1] = [I1] + [C1], we obtain that [K1] = [C1]; hence
the Gev-composition factors (and their multiplicities) of C1 are identical to those
of K1.
By Lemma 3.6 of [14], φ1(vα) = (λ+ ρ, α)vα = 0. Since vα is a nonzero element
of K1, the module Lev(µ) is a composition factor of K1, and hence of C1. By
Lemma 7.10, L(µ) is a composition factor of 〈F0, F1〉G, hence that of H
0(λ). 
We have proved our main theorem.
Theorem 7.12. Every block B(λ) coincides with the equivalence class ≈ (λ).
Since the linkage principle for general linear supergroups is now established, the
next natural problem we intent to consider in the future is the linkage principle for
orthosymplectic supergroups over the ground field of positive characteristic p 6= 2.
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